The Rayleigh-Taylor instability occurs at the interface between heavy and light fluids when the heavy fluid is accelerated by the light fluid. The classical treatment of a sharp interface shows that a small perturbation at this boundary will grow as err, where y is the linear g0wth.l The ablation front of an inertial confinement fusion (ICF) imploding target is subject to this instability because the compressed target is accelerated by the low-density ablating plasma. If small perturbations caused by either target imperfections or illumination nonuniformity grew classically, then these small perturbations would grow to sufficient amplitudes to destroy the shell of the target and degrade the performance of the implosion. It has recently been shown by several author^^-^ that the ablation process will actually reduce the Rayleigh-Taylor growth rate at this interface and can, in fact, stabilize the interface at sufficiently short wavelengths. Calculations of the cutoff wave number for a diffuse density profile were carried out by ~~1 1~
and by Bud'ko and ~i b e r m a n .~ Using the assumption that the cutoff occurs at wavelengths shorter that the density-gradient scale length L = [(l/p)(dp/dv)]-l, Bud'ko and Liberman8 used the geometrical optics approximation of the Wentzel-KramersBrillouin (WKB) theory to derive the cutoff wave number in the limit of v,/@ + 0 , where V, is the ablation velocity of the overdense portion of the target.
The role of the parameter X = v,/& can be easily deduced by using the following intuitive form of the instability growth rate, y --kV, . By setting y = 0, it is easy to show that for X >> 1 the cutoff wave number occurs at wavelengths longer than the density-gradient scale length (kc L -l / x 2 << 1 ) On the contrary. for X << 1, the cutoff occurs a wavelength shorter than L ( k , .~ -1/C >> 1). The relative size of the cutoff wavelength to the density-gradient scale length suggests the type of mathematical technique that must be used. It is well known that short-wavelength modes with kcL >> 1 can be investigated using the WKB approximation, and long-wavelength modes (kCL<<1) have a characteristic "boundary layer" structure in the sharp gradient region and can be studied with a sharp boundary model.
In this article, we derive the physical optics approximation of the WKB theory applied to the ablative Rayleigh-Taylor instability for 1 << 1, and we show the existence of multiple branches in the instability spectrum. Each branch has a different cutoff wave number and an eigenfunction characterized by a different number of zeros. Furthermore, since in typical ICF targets the density profiles are rather steep (direct drive) or the ablation velocity is rather large (indirect drive), the parameter V, I@ is only approximately less than 1. The physical optics approximation also provides the next-order correction (in v,/@ < 1) to the largest cutoff wave number.
The WKB Approximation
We consider an equilibrium in the frame of reference of the ablation front with the heavy fluid of density p h moving with velocity Uh = -V,ey (Fig. 60.4) . The density smoothly varies from ph to a lower value pl, and the velocity increases according to the conservation of mass flow (pU = constant). The fluid is subject to a force field g = ge, opposite to the density gradient (g < O), and the density 'profile has a finite densitygradient scale length in the ablation region (y = 0) with characteristic value Lo [L(0)/LO -11. To treat the linear stability of ablation fronts, we consider a simplified incompressible model for the perturbation that is valid for subsonic ablation flow (V, << C,, where C, is the sound speed) where U is the equilibrium velocity and dldt = a/dt + V . V.
The set of linearized conservation equations can be written in the following form: unity,andweorder~ -Z < < 1 ,~-1, ~= -g [ l +~(~~) ] , a n d a = 1 + o(E'). The validity of the chosen ordering will be verified a posteriori. We apply the WKB theory to the fourthorder equation, and we adopt the following ansatz for the Eqs. (7)- (8) are valid for nonvanishing Q and the small t corrections are important only for + k-, where q--t 0 , and they can be neglected for any other value of 6 . If Q vanishes at some point, Eq. (6) can be easily solved in the neighborhood of that point and T + 0-yielding
This result can also be recovered from
Eqs. (7)- (8) by neglecting zcven for Q = 0. We emphasize that 
It is important to recognize that none of the eigenfunctions represented by Eqs. (7)- (10) 
Discussion
The first important result of Eq. (19) is that multiple cutoff wave numbers exist for different values of n. In the y, k plane, this leads to an unstable spectrum characterized by multiple branches lying one below the other. The branch with the largest cutoff and therefore the largest growth rate is for n = 0. Although the lowest-order cutoff wave number ko was previously found in Ref. 8 , we emphasize the importance of the first-order correction to determine the existence of the multiple branches and to provide a more accurate formula for the n = 0 branch when C s 1. Observe that the first-order correction in Z becomes important when the density profile is rather steep (direct-drive ICF) or the ablation velocity is rather large (indirect-drive ICF). Since the eigenfunction in the inner region is proportional to Hn(5), the integer n determines the number of zeros of the eigenfunction. Figure 60 .6 shows the normalized eigenfunction for the n = 0, n = 1, and n = 2 modes for a smooth density profile. Observe the degradation of the matching between the outer WKB approximations and the inner solution as n increases. This effect is due to the increasing magnitude of the higher-order corrective terms that scale as C kl (n)/ko. Thus we expect that the matching cannot be performed for C k, (n)/ko > 1 and the number of branches does not exceed N with X kl(N)/ko > 1. Equation (19) has also been solved numerically, and the results have been compared with the analytical predictions. Figure 60 .7 shows the unstable spectrum of an equilibrium configuration typical of direct-drive ICF with g = 5 x 1015 cm/s2, V, = 7.5 x lo4 cmls, A = 0.9, and Lo = 2 pm. Three branches have been found with n = 0, n = 1, and n = 2. For this set of parameters C kl (3)/ko = 1 .O 1, and the predicted number of branches is indeed N = 3. Equation (19) predicts the following values of the cutoff wave numbers: k,(n = 0) = 4.28 pm-l, k,(n = 1) = 2.83 pm-l, and k,(n = 2) = 1.37 ,urnp1. As expected the accuracy of Eq. (19) in predicting the cutoff wave number degrades as n increases. For the same equilibrium parameters, the geometrical optics approximation predicts a large stabilization that is not observed in the numerical simulation^.^^^^^ We conclude that the incompressibility assumption breaks down for Z >> 1, and the effect of finite thermal conductivity must be retained.7
Conclusions
We have derived the physical optics approximation of the WKB theory applied to the incompressible ablative RayleighTaylor instability, and we have found the existence of multiple branches in the unstable spectrum. The calculated cutoff wave number is also reasonably accurate for configurations with rather steep density gradients or large ablation velocity (C s 1) .
Although this is the first derivation of the multiple unstable branches in the presence of an equilibrium flow, this result is not surprising, as in the classical Rayleigh-Taylor instability, multiple modes also exist. However, no branch experiences a cutoff in the classical treatment, and the growth rate is monotically increasing with the mode wave number. 
